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1. INTRODUCTION 
Our main result is the following: 
3.21 THEOREM. Let n be a translation plane of dimension 2 over GF(q), where 
q is a power of 2. Let 9 be any subgroup of the translation complement. Then at least 
one of the following holds: 
(a) 9 is solvable. 
(b) 3 has a normal subgroup g1 generated by afine elations in 9. The pos- 
sibilities for 9, are given by Hering [I 11. In particular, if CY1 is nonsolvable then 
g1 is either a Suzuki group or isomorphic to SL(2,29 for some s. 
(c) The involutions in the linear translation complement are Baer involutions. 
The group 9, generated by the Baer involutions inthe linear translation complement 
is isomorphic to SL(2,2”) (for some s) and is normal in 3. If 9, is irreducible, rr
has an Ott subplane. If 9 is reducible then rr is derived from a plane also admitting 
SL(2, 29 and the involutions in the derived plane are elations. 
The reader is assumed to be familiar with the general theory of translation 
planes (see [17]). Briefly, the points of a translation plane of dimension two 
over GF(q) can be identified with the elements of a vector space of dimension 
four over GF(q). The lines through the zero vector are the components of a 
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“spread’‘-a class of two dimensional vector subspaces which form a partition 
of the (nonzero) vectors. The group of collineations fixing the zero vector is 
called the translation complement and consists of semilinear transformations. 
The subgroup consisting of linear transformations is the linear translation 
complement. An affine lation in the translation complement is an elation whose 
axis is a component of the spread and whose center is on 1, . In this situation 
the field GF(q) is called the kernel or kern of the plane. 
In this paper we are concerned with planes of characteristic two. Hering [l I] 
has determined the possible groups generated by affine lations in the translation 
complement for finite translation planes of order p*, where p # 3 is a prime. 
For p = 2, the involutions in the translation complement are affine lations 
or are Baer involutions-that is, the fixed points form a subplane of order q 
where q2 is the order of the plane. 
The situation is easier to handle if we initially restrict ourselves to the linear 
translation complement. Roughly, there are three cases: (1) The linear trans- 
lation complement has odd order. (2) The linear translation complement con- 
tains elations and we can apply Hering’s results. (3) All involutions in the linear 
translation complement are Baer involutions. 
In Section 3 we apply some group theoretic results of Walter together with 
the fact that the Sylow 2-groups are elementary Abelian to show that in case (3) 
above the group generated by the involutions is SL(2, 2”). 
Walker’s thesis contains an analysis of the possible actions of SL(2, q) on a 
translation plane of order q” for q odd [23]. Schaeffer [22] uses a similar analysis 
and extends the results to even q. In Section 2, we investigate the possible 
actions of SL(2, 29 on a translation plane of dimension two over GF(q), where q 
is a power of 2. Much of what we do amounts to showing that Schaeffer’s 
arguments still apply in this more general case. We have, in some cases, put 
these arguments in a more elementary form. In particular, if SL(2,2”) is acting 
irreducibly, it must be represented in such a form that it acts on a subplane of 
order 22s in a way that leads to a plane of the type constructed by Ott [20]. One 
of the interesting things about the Ott planes is that the Sylow 2-groups are 
elementary Abelian but different involutions fix different Baer subplanes point- 
wise. 
The effect of this paper is that the general nature of translation planes of 
dimension two and characteristic two remains undetermined only if the trans- 
lation complement is solvable. 
A corollary to the main theorem is that when a Suzuki group acts on a trans- 
lation plane of dimension two and characteristic two, the involutions must be 
elations. Dembowski [3] has shown this for the case where S,(q) is acting on a 
translation plane of order 42. Our results how that this holds when the Suzuki 
group is smaller. However it is still not known whether the involutions in a 
Suzuki group must be elations when acting on translation planes of higher 
dimensions. 
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For another example of a plane of even order (but not dimension two) in 
which the 2-groups behave in an unusual manner see [14]. 
The reader unfamiliar with the notion of derivation may wish to consult [16]. 
2. TRANSLATION PLANES ADMITTING SL(2,2”) 
Let n be a translation plane of order q’, q = 2’ and dimension 2 over its 
kernel which admits a collineation group 59 isomorphic to SL(2, 29, s > 1. 
Assume 9 contains a Baer involution so that all of the involutions of 97’ are Baer 
and assume 9 is in the translation complement. 
2.1 LEMMA. 9 is a subgroup of the linear translation complement. 
Proof. Every Sylow 2-subgroup .Y fixes a l-space over GF(2) pointwise. 
Let P be a fixed point #O of 9. Let K denote the kern of x. Then ,Y normalizes 
K and so permutes the K-orbits. Thus, Y fixes PK and induces an automor- 
phism group on K. Thus, Y induces a cyclic group on K so that some element 
of 5‘ induces the identity on K. 
Since all 2-elements of 9 are conjugate, every involution induces the identity 
automorphism on K. That is, if o E Y, then u is semilinear over K. If X E n 
then X0 = X6A, where iz is a linear mapping and 6 an automorphism of K then 
3 = 1 so that 9 is linear. 
2.2 LEMMA. Under the above assumptions and 9 E SL(2,2”), if the Sylow 
2-subgroups do not fix Baer subplanes pointwise the s 1 r. 
Proof. Let ,Y be a Sylow 2-subgroup of 9. Note that NY(Y) is the product 
of Y with a subgroup %7 of order 2” - 1. 
Suppose that J’JJ(9’) has some invariant component 9. Since 3 contains no 
elations, J+&(Y) must act faithfully on Y for otherwise the subgroup fixing 3 
pointwise would be a normal subgroup containing Y. By Lemma 2.1, 3 < 
GL(2,2r) so MY(Y) must fix the l-space on 3 which is pointwise fixed by .Y. 
Hence %? is a subgroup of a cyclic group of order 2’ - so that s j r. 
Thus, assume J&(Y) fixes no components. Let Y fix the component 9%. 
Thus, Y must also fix an additional component J&’ + 9. So Y must fix point- 
wise a Baer subplane re . 
Thus, if Y does not fix a Baer subplane pointwise then J+$(-Y) must fix a 
component so that s 1 r. 
2.3 LEMMA. Let TT be a translation plane of dimension two over its kernel K. 
Let 9 be a collineation group of x in the linear translation complement. If 3 is 
reducible then every minimal invariant 3’-space has dimension one or two. 
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Proof. A three-dimensional vector space has exactly $ + 4 + 1 subspaces 
of dimension one. If two of these l-spaces must be included. A 3-space cannot 
contain two independent 2-spaces. Hence an invariant 3-space must intersect 
q2 components of the spread in one-dimensional subspaces and must contain all 
4 + 1 one-dimensional subspaces of exactly one component. A group fixing the 
3-space must fix this special component. 
Note that every l-space over the kern lies on a component so every invariant 
l-space is in at least one %-invariant 2-space. So if 9 is reducible we may 
assume that 9 has an invariant 2-space. 
2.4 THEOREM. Let 7~ be a translation plane of order 22T and of dimension 2 
over its kernel K e GF(2’) which admits a collineation group 9 E SL(2,2”) whose 
involutions are Baer. If 3 is reducible then the Sylow 2-subgroups of 9 fix Baer 
subplanes pointwise and s 1 r. 
Proof. By Lemmas 2.1 and 2.3, 9 has an invariant 2-space V, . 9 either 
fixes VI pointwise or acts faithfully on Vi . By assumption, V, is a Baer subplane 
if it is pointwise fixed by 9. By Foulser [6, Theorem 31, 9 cannot fix V, point- 
wise. 
Now let Vi be {(xi , x, , xa , x,); (xi E K)), where xa = xq = 0 so that 9 may 
be represented by a group of matrices of the form [“, z] where A, B, C are 2 x 2 
matrices K. The set of matrices tz and the set of matrices C are groups of 
matrices isomorphic to 9. 
The proof of Lemma 2.2 shows that since Vi is g-invariant then SL(2, 2”) < 
GL(2,2’) and so J.&(Y) < GL(2,2’) w h ere Y is a Sylow 2-subgroup. Thus, s 1 r. 
We therefore have a group 2 of 2 x 2 matrices over GF(2”) isomorphic to 
SL(2, 2”), where s / r. 
Since SL(2,27 is generated by any pair of its Sylow 2-groups we may take 
2 = <Qi , Q2>, where Qr and Q2 are Sylow 2-groups. Furthermore 3g, g in 
GL(2,2’) such that Qrg and Q2” are sets of matrices of the form [i i] and [h’ !], 
where ;\ varies over gF(2”). Taking conjugates with respect to [$ ,“I] our group 9 
of matrices [i :] is conjugate to a group of the form [$ z,] where the groups 
generated by the sets of matrices A, and Cr , respectively, are both equal to 2. 
With the proper choice of bases (or further conjugation) we may assume that 
the element (s s) corresponds to 
10 00 
1100 
i I 
b, b, 1 0 
b, b, 1 I 
under the isomorphism between .%’ and 9. 
Furthermore, ([: i], [z “,...1], where (a) = GF(2”)*) is a semidirect product 
of a Sylow 2-group of SL(2,29 by a cyclic group of order 4 - 1. Let [t :-‘I + 
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[$ $1. Since the order of [” ’ o ,+I is 4 - 1, [$ $1 acts completely reducibly on n. 
We may assume that (xi = xs = 0) is also invariant under [g $1. Thus, B = 0. 
So ([i 3, a) is isomorphic to ([’ “1 [” ’ r 1 , o ,+]), where det a = 1. It is straigth- 
forward that a = [ta zeti], w h ere o! is an automorphism of GF(29. Similarly, 
e = [i” i-s], where /3 is an automorphism of GF(29. 
Thus, we may choose a basis for VT so that 
and 
1 0 [ 1 ll-+ 
where is an automorphism of GF(29. 
Sincei[: ]I =2,6,=0,andb,=b,. 
i 0 a u-1 0 a= 0 a-O 0 
Since (a) = GF(2s)* we may assume that a is arbitrary inthe above equation. 
That is, 
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so 
(a k cJ2 
0 0 0 
1 0 0 
b,(cl-= + al-q 0 1 0’ 
b@+l + am-l) + b,(c-la2 + c2W-~) b,(e:-l + am-l) (a + c)~~ 1 I 
b,(a + c)l-~: = b,(cl-ol + al-%), b,(a + c>u-1 = bl(ua-l + cm-l), 
and 
so 
b,(ca+l + aw+l) + bl(ca-la2 + czar&-o) = b,(a + c)“+l 
(a + c)u+l = (am + c) (a + c) = ae+l + c&i-l + ace + cu”. 
Also, 
bl(ca-la2 + c*%-a) = &,(a~= + ~32~). (1) 
so 
b,(a + c)” = t&(a”-l + C-l) (a + c) 
= bl(am + cm + ac+I + cab-l). 
b,(acn-l + cue-l) = 0. (2) 
Assume b1 # 0, then ace-l = ca*-1 so that aa-2 = c-~. If c = 1 then aa-2 = 1 
for all a and aa = a2. But, bl(a + c)I-~ (a + c>” = b,(c’-” + a1--a) (a+ c>” so 
that 
b,(a + c) = b,(cl-m + al-=) (am + c”) 
= b,(c + a + cl-%ze + a*-%?). 
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If b, # 0 then 
bl(cl-w + al-“c”) = 0 (3) 
so that cl-au= = al-~+ or c’:Q-~ = ~*a--1 If c = 1 then asa- = 1 or &‘a = a Thus 
$a-1 = ~~a-2 = 1 which implies that a”+1 = 1 or ua = u-r. So, u2 = u-1 or 
u3 = 1 for all a E GF(29. Thus, GF(T) = GF(29. From (l), bl(cu2 + AZ-r) = 
b,(uc2 + cu”). Since c4 = c and u--r = u2 we have b,(c$ + cu’) = 0 so b,(uca + 
CU”) = 0. Thus, b, = 0. 
Thus if b, # 0, a Sylow 2-group of 9 consists of elements of the form 
and fixes pointwise the 2-space consisting of the vectors (x1 , x2 , bT1x2 , 0). We 
assumed that each involution fixes a Baer subplane pointwise so all involutions in 
a 2-group fix the same Baer subplane pointwise. 
On the other hand, if b, = 0, the matrices of one of the Sylow %-groups have 
the form 
1 0 0 0 
U2 1 0 0 
I 1 
0 0 1 0 
b3un+l 0 u2a 1 
space x2 = x4 = 0 is pointwise fixed by the whole 2-group. 
2.5 LEMMA. Under the assumptions of Theorem 2.4 the Buer subplunes Jixed 
pointwise by the Sylow 2-subgroups are disjoint except for the zero vector. 
Proof. If not, then two distinct Sylow 2-subgroups Q1 and Qa fix a l-space 
X pointwise. 
If 9 is the component of v containing X, then 9 is invariant under 
9 = (Q1, Q2) E SL(2,2”). But SL(2,29 is simple implies ‘3 is faithful on 9 
and is a subgroup of GL(2, q) acting on a vector space of dimension two and 
leaving a l-space pointwise fixed. This cannot happen. 
2.6 LEMMA. Under the assumptions of 2.4, Y is represented by a group of 
matrices of the form (2 z ), where the set of matrices A and the set of matrices C 
are groups isomorphic to 3. In particular, there is a pair of Sylow 2-groups Y; and 
% both normalized by a group X, where the submatrices for Y; have the form (i y), 
the submatrices for ZL have the form (i y), and the submatrices for ~-9’ have the 
form (f t-1). 
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Proof. By Theorem 2.4 and Lemma 2.5, each Sylow 2-group fixes a Baer 
subplane pointwise and these Baer subplanes have only the zero vector in 
common. These Baer subplanes form a partial slread; the two-groups act as 
elations on the translation net defined by this partial spread. Then we can apply 
Hering’s Lemma 7 [ll] to conclude that there is a (eld K of matrices such that 
9 is the set of matrices (g i), where A, B, C, D E K and AD - BC = I. In 
particular, one pair of Sylow 2-groups is represented by latrices of the form 
(‘, f) and ($ ,“), respectively. 
Remark. Hering’s discussion starts out with a representation of the vector 
space over a field of prime order. Here we may interpret he elements of K as 
being two by two matrices over GF(g). The field K, of course, is isomorphic to 
SL(2, 2”) in the present case. If s 1 r, K is isomorphic to a subfield of GF(q); 
the multuplicative group of K is completely reducible. If we take the conjugate 
of (“, :) with respect to (” ’ O z), then each of A, B, C, D is replaced by its con- 
jugate with respect to E. This, since the (nonzero) matrices in K form a com- 
pletely reducible cyclic group we may take them all to be in diagonal form. Thus 
the matrix (“, i) expands to the form 
If we take a conjugate with respect to 
we get a set of matrices of the form 
As in the previous lemma, the submatrices each generate a group isomorphic 
to 3r . By a proper choice of basis we may assume that the elements are chosen 
from GF(2”). For purposes of comparison we now make a change of notation 
with A = (z; s;), C = (z; 2). Al so as in the proof of the previous lemma, there 
is an isomorphrsm between {{A}) and ((C)). The rest of Lemma 2.6 then follows 
from the standard representation of SL(2, 2”) in terms of two matrices over 
G(2, 2”). 
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2.7 THEOREM. Let TI be a translation plane of dimension 2 over 9F(q), where 
q = 2’. Suppose that the linear translation complement contains a group 9 iso- 
morphic to SL(2,29, h w ere 93 is reducible (as a subgroup of GL(4, q)) and each 
Sylow 2-group in 9 fixes a Baer subplane pointwise. Then n is derivable, the group 
3 is inherited by the derived plane ii, and the involutions in 9 act as elations of5. 
Proof. Let us write x , Ya , and J? of (2.6) in expanded form. 
1 1 0 Yr consists of matrices Cl 1 1 0 
L 
1 ’ 
c2 1 
YZ consists of matrices of the form 
1 bl 
0 1 
1 b2 
0 1 
and 2 consists of diagonal matrices diag(a, al1 a, , a,‘). 
From Lemma 2.5, it follows that cr = c,“, b, = bg’“, and a, = a,” in Y; , Y2, 
and A?, where 01 is an automorphism of GF(2”). YI fixes pointwise nI = {(q , 0, 
x3 , 0)). Let B = {(a, 0, a, 0)) f or all a E G8’(2’). Then q fixes ome 2-space 2
containing 8. Let 5? = {a(xr ,x2 , x s , x4) + b( 1, 0, 1 , 0)) for all a, b E GF(2’). 
Then 
-YYr =P if and only if there exist a, b E GF(2’) such that 
Clearly, Z~ or & # 0. Thus, a = a and a@1 = 6 - b, unarm = 6 - b from (1) 
and (3). It follows that b - b # 0 and thus %& # 0. So, (~~cJ/(.%~c~~) = 1 for 
every c1 in GF(2”). Thus, c:-” = d:-” for all c1 , dI in GF(2”) from which it 
directly follows that dl = 4” for all dl E GF(2”). Thus, n! = 1. 
Thus, 
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and % consists of matrices of the form diag(a, , a,‘, a, , a;‘) for all ci , b, , 
a, E GF(2”). 
Let vi and rr2 denote the Baer subplanes pointwise fixed by q and Yz, 
respectively. Note that A@ leaves invariant precisely those one-dimensional 
vector spaces that are included in n1 and ~a , but no others. Each l-space in r1 
belongs to exactly one component of the spread which defines r. Hence these 
components are invariant under 8. Let 2 be a component of r invariant under 
%’ and intersecting n1 in a l-space. Z must act completely reducibly on L. 
Hence 2 contains another invariant l-space not in n1 . We conclude that the 
components of the spread which intersect v1 in l-spaces are precisely the com- 
ponents which intersect ~a in l-spaces. See Foulser [5, p. 3621 for a similar 
argument. 
We have a partial spread with q + 1 components which contains both vi and 
z-a . But 9 is generated by yl and Yz and both of these two groups fix each 
component of the partial spread. Hence each component of the partial spread 
is invariant under 9 and the Baer subplanes pointwise fixed by the various 
2-groups are all in the net N defined by the partial spread. 
By Foulser [6, Theorem 1, Corollary 11, the net is derivable. The rest of 
Theorem (2.7) follows from standard properties of derivation. 
2.8 THEOREM. Let rr be a translation plane of order 22T and dimension 2 and its 
kernel K which admits a collineation group isomorphic to SL(2, 29, s > 1 in its 
translation complement. If the involutions are Baer and 9 is irreducible over 
K z GF(2’) then $9 is absolutely irreducible over K, s 1 r and the representation 
over GF(2r) may be induced from the representation ver GF(2s). 
Proof. It follows from the proof of Lemma 2.5 that the Sylow 2-subgroups 
do not fix Baer subplanes pointwise. By Lemma 2.2) s / Y. 
By Wong [25, Corollary (3F)], the irreducible representations over extension 
fields of GF(2”) are absolutely irreducible and may be realized over GF(2”). This 
establishes Theorem 2.8. 
By Brauer and Nexbitt [l], the only four-dimensional representation has the 
form V, @ Vaa where r/, is the canonical representation of SL(2,29 over GF(2r) 
(also see Schaeffer [22]) and 01 is an automorphism of GF(2”) # 1. 
By Lemma 2.1, B < GL(4, 2’) so using the standard matrix representation 
of tensor products of linear transformations (see, e.g., Halmos [8, pp. 95-981) 
we have the Kronecker product of [z II] and [$ $1, where ad - bc = 1 and 
a, b, c, d E GF(2”) is 
aa+l aba baa @+I 
acn ada bc* bd” 
cam cba dam dba 
c-1 cd* dca &+I 
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Schaeffer [22] shows that the Ott planes of order 22s are precisely the class of 
translation planes of dimension 2 over the kernel R which admit X42,2”) and 
which act irreducibly over i?. 
n- = ((~1 ,5z , ~3 , xq) I xi E GW)), since s 1 r we have a subplane rr9 = 
@l > x2 > “V3 , x4) 1 xi E GF(29) which must be an Ott plane [20] by Schaeffer 
[22]. Also, Schaeffer shows that s must be odd. 
Thus, 
2.9 THEOREM. Let rr be a translation plane of order 22T and of dim 2/kern K. 
If x admits a collineation group 3 isomorphic to SL(2, 2”) whose involutions are 
Baer and which acts irreducibly over K then rr contains Ott subplanes of orders 29s 
and s is odd. Moreover, for every factor so of s, rr contains Ott subplanes of orders 
23%. 
Proof. Let so j s. Then SL(2,2”) o ac s as a collineation group of rr. By the t 
following theorem (2.10), SL(2,2%) is irreducible for otherwise its Sylow 
2-subgroup would fix Baer subplanes pointwise. 
2.10 THEOREM. Let 7~ be a translation plane of order 2”r and dim 2/GF(2r). 
Let 3 g SL(2,2”) act irreducibly over K. Then the involutions are Baer and the 
Baer subplanes pointwisefixed by diflerent involutions inthe same Sylow 2-group are 
distinct. 
Procf. All involutions in 9 are conjugate so that if one is an affine lation 
then they all are. If there are elations present, every Sylow 2-group will fix some 
component pointwise. 
ad - bc = 1, a, 6, c, d E GF(2”). 
[ C” C 1 0 100 0 1 0 
cm+l c” c 1  
1 
ri 000 
is a Sylow 2-group. 
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if and only if xac + xBca + x/+l = 0, x4c* = 0, so x4 = 0 and xac + X~P = 0. 
So the fixed points are ((x1 , x~P+~, xa , 0)). 
Let FI g GF(2%) be the subfield of GF(2”) such that xa = x. Let 
a2 ab ba b2 
q z SL(2”‘) g 
ac ad bc bd 
[0 1 1 0] is fixed by gr so the component 5? of m containing [0 1 1 0] is also fixed 
by g1 . So gr acts on 9 and fixes a l-space pointwise. Since dim 2 is 2, gr 
cannot act faithfully on 2. If gr is simple we have a contradiction. Thus, sr = 1 
and FI g GF(2). 
Now ~a-1 = da-1 if and only if (cd-l)ol = cd-l. Thus, cd-l = 1 and c = d. 
So the fixed point subspace of 
ri 000 
I C 34 = cm 100 0 1 0 
Lcm+l cn c 1 
is distinct from the fixed point subspace of Y(d), c # d. 
2.11 COROLLARY. Let rr be a translation plane of order 22r and dim 2/GF(2r). 
Let 59 be a group of collineations isomorphic to SL(2,29, where the involutions are 
Baer. Let rre be a Baer subplane pointwise$xed by some involution of 3. 
(1) If 4 1 I %yJ I or 
(2) s is even, 
then the Baer subplanes $xed pointwise by involutions all belong to the same deri- 
vable net. 
Proof. Theorems 2.10, 2.9, and 2.8. 
Summarizing our main results we have: 
2.12 THEOREM. Let n be a translation plane of order 22r and of dimension 2 
over its kern. Let 9 be a collineation group isomorphic to SL(2,29, s > 1. Then 
s 1 r and exactly one of the following situations must occur: 
(I) The involutions are afine elations. 
(2) The involutions are Baer and rr is derivable from a plane ii admitting 
SL(2,2”), where the involutions are afine elations in ii. 
(3) The involutions are Baer and rr contains an Ott subplane of order 22s. 
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Note that if either s is even or two involutions have the same fixed point 
subspace then either (1) or (2) must occur. 
3. COLLINEATION GROUPS WHOSE INVOLUTIONS ARE BEAR 
Let T be a translation plane of dimension 2 over its kernel and let 9 be a sub- 
group of the linear translation complement. Let Yi be a nonsolvable minimal 
non-f.p.f. group with respect to 99 (see Definition 3.7). It may happen, of course, 
that 9 is solvable or possibly all of its minimal non-f.p.f. subgroups are solvable. 
If 9i contains affine elations then 9, is generated by those elations (Ostrom 
[18, (3.2)]). Ifthe characteristic ofn is 2 and 9, contains affine lations then ‘??i 
is either a Suzuki group or is SL(2,2”) f or some s > 1. It is therefore natural to 
investigate the case where all involutions are Baer. 
Remark. The group generated by all the affine lations or by all the Baer 
involutions is a normal subgroup of the full translation complement. If the anture 
and action of this subgroup is understood then the nature of its centralizer is 
also easily determined. For instance, the centralizer must fix the fixed point 
subspaces of the involutions. The full group modulo the centralizer of this 
normal subgroup is isomorphic to a group of automorphisms of this subgroup. 
3.1 LEMMA. Let rr be a translation plane of order 2”’ and of dim 2/kern. Let 9 
be a collineation group in the linear translation complement and assume the involu- 
tions in 9 are Baer. Then the Sylow 2-subgroups of 9 are elementary Abelian. 
Proof. A Sylow 2-subgroup Y must fix a component 9 since the number of 
components is odd and the length of each component orbit is a power of 2. 
By assumption, the involutions are Baer so Y acts faithfully on 9. 9 is a 
two-dimensional vector space over GF(2r) so 9’ < GL(2,2r). Since the 2-groups 
in GL(2,2’) are elementary Abelian, Lemma 3.1 is proved. 
We shall require the following theorem of Walter: 
3.2 THEOREM. (Walter [24]. Also see Gorenstein [7, p. 4851.) If a non- 
Abelian simple group 9 has Abelian Sylow 2-subgroups then one of the following 
holds : 
(1) 9 s PSL(2, u) for some u > 3, u = 3 or 5 mod 8 or u = 2”. 
(2) 9 E the Janko group J(11). 
(3) W is of Ree type (actually z W,(u)). 
We shall use the Gorenstein exposition of Walter’s results. 
3.3 THEOREM. (Walter [24]. See Gorenstein [7, p. 4851.) Let 9 be a$nite 
group with Abelian Sylow 2-groups. Let Z = O(F). Then 9 has a normal sub- 
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group gI such that 919, has odd order and 9YI/& is the direct product of a 2-group 
and a Jinite number of simple groups of the types mentioned in Theorem 3.2. (Note 
that our notation is diflerent from Gorenstein.) 
We will assume, unless otherwise stated, that 9 is a group of collineations in 
the linear translation complement of a translation plane of order 22r and of 
dimension two over its kern. Furthermore, we shall assume that the involutions 
of ‘9 are Baer. Thus, by Lemma 2.3, the minimal invariant g-spaces have 
dimension one, two, or four. 
3.4 DEFINITION. Let 9 be a group of linear transformations operating 
irreducibly on a vector space v. Suppose that I’ is the direct sum of vector 
subspaces which are permuted among themselves by 9. Then C!? is said to be 
imprimitive. 9 is said to be primitive if it is not imprimitive. 
3.5 LEMMA. Suppose that either one of the following conditions is satisfied: 
(a) All proper normal subgroups of 9 are solvable but 9 is nonsolvable. (b) 1 9 / 
is odd. Then 9 is either educible or primitive. 
Proof. If 9 is irreducible but imprimitive, then I/(n) is the direct sum of 
2- or 4-subspaces permuted by 9. 9 has a normal subgroup C!?i leaving each of 
these subspaces invariant. Furthermore, Sj9’i is isomorphic to a subgroup of 
Yd which has even order. That is, 9/‘9i is a solvable group of even order. We get 
a contradiction if either (a) or (b) holds, hence Lemma 3.5 is proved. 
It may help if the reader knows what we are trying to do. We want to show that, 
in the context of Lemma 3.1, Theorem 3.2 implies that the translation comple- 
ment contains copies of SL(2,29. Suppose, for the moment, we restrict our- 
selves to the case where 97 is nonsolvable, all proper normal subgroups are 
solvable and 9 =9’9’, where 9’ is the commutator subgroup. Then Theore 
3.3 implies that 9/O(9) is simple. Let 3 = O(9) (the maximal normal sub- 
group of odd order). If X C Z(9) then 2 is Schur multiplier. We must investi- 
gate the case where Z is not in the center of 9. We now return to the more 
general notation: 9 is only required to be a subgroup of the linear translation 
complement. [For most purposes, it suffices to think of 9 as a subgroup of 
GL(4, CJ).] 2 is not necessarily U(9). 
3.6 LEMMA. Let &Y be a subgroup of 9?. Suppose that 1% 1 is odd and that 
the maximal Abelian normal subgroup in %’ is the center of %‘. Suppose also that SF 
is both faithful and primitive in its action on some minimal invariant subspace. Then 
X is Abelian. 
Proof. If 1 & 1 is odd, Z is solvable by Feit-Thompson. If X is not Abelian 
it has a minimal normal non-Abelian subgroup N. Then J’” satisfies the condi- 
tions (Vorausetzung) of Huppert [12, Hilfssatz I, p. 4861. 
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By [12, Hilfssatz I, I], JV has prime power order (say zP> and by [12, Hilfssatz 
III, 21, the degree of any faithful absolutely irreducible representation of M 
over any field of characteristic #u is a power of u. In our case, u is odd. 
Xow JV will have some absolutely irreducible representation of dimension 
one, two, or four over some extension of GF(q) but the above implies that the 
action cannot be faithful. Hence JV will not be faithful in its action on its 
minimal subspaces in the vector subspace we are considering. (A non-Abelian 
group cannot act faithfully on a l-space.) 
But Clifford’s Theorem (see the statement in [7, p. 701) implies that if 2 
is primitive in its action on some minimal space, then the minimal N-spaces 
within a given minimal Z-space are isomorphic as M-modules. An element of 
4’” fixing pointwise a minimal N-space will fix pointwise the minimal #-space 
which contains it, contrary to the condition that P is faithful on its minimal 
spaces. Hence JV cannot exist and & is Abelian. 
3.7 DEFINITION. Let 9 be a group of nonsingular linear transformations. 
Let Y1 < 9. g1 is said to be fixed-point free if no nontrivial element of g7, fixes 
any nonzero vector. Then 9, is said to be minimal non-$xed-point-free (non- 
f.p.f.) with respect to F? if and only if 
(1) Y1 is a normal subgroup of %’ which is not fixed-point-free and 
(2) Every normal subgroup of 9 properly contained in g1 is fixed-point- 
free. (A group is fixed-point-free ifand only if no nonidentity element fixes any 
nonzero vector.) 
3.8 LEMMA. Let 9, be minimal non-f.p.f. with respect to 9 and 2 4 9, 
8 < g1 . If Y? is maximal with respect to the above property then Yl/% is a 
direct product of isomorphic simple groups. 
Proof (See [19, (3.1)]-originally pointed out by Luneburg.) In the rest of 
this section g1 always refers to a minimal non-f.p.f. group with respect to 9. 
3.9 LEMMA. At characteristic 2, 2 of Theorem 3.2 is in the center of YI unless 
YI is solvable. 
Proof. By Ostrom ([lg, (3.7)]) either (a) J? c Z(gi), (b) 9, is solvable, or 
(c) &F contains SL(2, 5). Since involutions are not f.p.f. at characteristic 2 and &’ 
is f.p.f. we must have the alternative (a). 
3.10 LEMMA. gI = %‘J& and assume gI = gI,, x gI,, and CYI is nonsol- 
vable. Let Co’11 , g12 be the full preimages of gI,, , gI,, respectively ingI , Then the 
involutions in9Y11 (9J centralize 9J12 (9J. 
Proof. 1 X j is odd since &’ is f.p.f. Let 0 be an involution in Yrl and L? its 
image in Yil . If g E gr2 then g-r@ = 6 since 9, = 5?i, x @I2 . Thus, g-lug -i 
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oh for some h 6%. By Lemma 3.9, XC Z(gl) so (oh)’ = UW = h” = 1. 
Thus, h = 1. This establishes Lemma 3.10. 
Thus, by Lemma 3.1 each of the simple groups in the direct product of 
gr/& (see Theorem 3.2) satisfy Theorem 3.2. 
Now suppose that gr/&’ has a subgroup isomorphic to PSL(2, u). Let ga be 
the preimage of PSL(2, U) in %I . By exercise 1 of Curtis and Reiner [2, p. 3541, 
9, is a projective representation of PSL(2, u). Harris and Hering [9, Theorem 
(4.2)] show that if the characteristic sp and the dimension of the vector space is 
d then either u = ps or 2d f 1 > II. 
3.11 LEMMA. Under the assumptions ofLemma 3.1, assume 9, is nonsolvable 
and 9J.X contains a subgroup isomorphic toPSL(2, u). Then u = 2”. 
Proof. Either u = 2” or, by (3.2), u = 3 or 5 mod 8. Since the dimension is 
2 then previous remarks show that 3 < u < 9 so that u = 5. PsL(2, 5) g 
PSL(2,4). Thus, (3.11) is proved. 
Remark. Because of Lemma 3.1 we have been looking at subgropus of 
GL(4, q) with Abelian Sylow 2-groups. The condition that we have a transla- 
tion’s plane now enters in more directly. 
3.12 LEMMA. 9&F is isomorphic to a direct product of simple groups isomor- 
phic to SL(2, 2”). 
Proof. Suppose not. By Theorem 3.2 and Lemma 3.1 I, the silple groups are 
either Janko J(11) or %$(u). By Janko [15], J(11) has a subgroup isomorphic to 
PSL(2, 11). By Lemma 3.11, the simple groups cannot be isomorphic to J(11). 
If the simple groups Si are of Ree type W,(u) th en the centralizer of an involu- 
tion 5 in Si is (r?) x PSL(2, u) where u = 38 for some s > 1 (see Gorenstein [7, 
pp. 481-4821). 0 has a preimage (T which must centralize the full preimage of 
PSL(2, u) in Gr . Let a be an involution in g1 which is a preimage of 6. Let T be 
an element of the full preimage of PSL(2, u) so that T-%JT = op for some p in X. 
But, 2 C Z(g) so that 1 ap 1 = j u / / p 1 which implies p2 = 1. Since (2 ] is 
odd, p = 1. 
Since j CT / = 2, then (5 fixes a Baer subplane ~0 pointwise and the preimage I’ 
of PSL(2, u) acts as a collineation group of 7~g . ~0 is Desarguesian so r acts as a 
subgroup of GL(2,27. 
Let r(?r,l be the subgroup of I’ which fixes 7re pointwise then rrW,l 4 r 
so the image of I’[=,, is normal in PSL(2, u). Thus, .I’r,,,l = r or rm,l C H and 
r/rh,,, acts faithfully on r0 . r # rr,, since rm,, < AG(I, 23 (see [5]). Thus, 
r/fl,l acts faithfully on mfl and so F/- acts faithfully on rre so PSL(2, 39 < 
GL(2,2’) so this situation cannot happen. 
3.13 LEMMA. Each direct factor PSL(2,2*) of 9,/S has a preimage SL(2,2”) 
in ql. 
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Proof. By 3.19 [18, 3.191, %I = S; . Since J? C Z(gl), X is isomorphic 
to a subgroup of the Schur multiplier of G,/% (see [18, result 81). 
Let g,, be a minimal preimage PSL(2,29. z?$ = YII n X = Z(gI,). Since 
%~1 is a minimal preimage gil = $I1 . Thus, X1, is isomorphic to a subgroup 
of the Schur multiplier of B,,/&ll z PSL(2,29. But, the Schur multiplier has 
order dividing 2 so Xl1 = (1). Thus, %I1 is isomorphic to PSL(2, 2”). 
3.14 TNEOREM. Let z be a translation plane of order 22r and dimension 2 over 
its kern. Let 9 be a subgroup of the linear translation complement. Suppose there is a 
nonsolvable minimal non-f.p.f. subgroup YI with respect o 9 and all of the involu- 
tions in %‘I are Baer. Then gI is isomorphic to SL(2, 2”) for some s > 1. 
Proof. Note that PSL(2,2”) z SL(2, 2”). By Lemma 3.13, Y1 g 27S, where 
si gYg SL(2,2”) for s > 1. 
Assume $I is not simple. Let 0 be an involution in 31 which centralizes some 
311 2% SL(2, 29. Then c??‘~~ fixes the Baer subplane fixed pointwise by (T. Thus, 
3’11 is reducible and by Lemma 2.6 we have a corresponding derivable net 
Jv;, . Note that the group 9,, E SL(2,2if) and containing u must fix X1, since 
c centralizes Yll and 9,, fixes each of the components of J1, so D permutes the 
components of M1, and will leave at least one such component 2 invariant since 
s,,~~ has 2’ + 1 components. The Sylow 2-subgroups of gll fix pointwise dif- 
ferent l-spaces of 2 of X1, . o must permute the fixed-point space of any Sylow 
2-subgroup. So u fixes each of the 2X + 1 l-spaces which are fixed pointwise by 
the sylow 2-subgroups of mu . Since / o I = 2, (T fixes each of these l-spaces 
pointwise. Thsu, u must fix 2 pointwise which cannot be the case. Thus, 
Theorem 3.14 is proved. 
3.15 THEOREM. Let n be a translation plane of order 22r and of dimension 2 
over its kernel. Let 9 denote the collineation group generated by the set of Baer 
involutions in TT and assume the involutions of 9 are Baer. 
If Q n linear translation complement contains a nonsolvable minima2 non-f.p.f. 
subgroup 9 then 9 g SL(2, 29 for some s > 1. 
Proof. We may assume 9 is in the Zinear translation complement. By 
Theorem 3.14, CY??~ SL(2,2’) for some s > 1. 
Let (T E 9 - 9 be an involution. Suppose cr centralizes 9. If 9 is reducible 
then 9 leaves invariant all lines of a derivable net by Theorem 2.7. The argument 
of Theorem 3.14 shows that (T must be an elation contrary to assumption. If 
@ is irreducible the Sylow 2-subgroups Qi of g fix the l-spaces Zi pointwise. 
9 is transitive on these l-spaces so there are 1 + 2” components containing 
these l-spaces. Thus, o fixes each of these l-spaces pointwise so c is a Baer 
involution whose fixed-point subplane xc: 2 (I)!2 But, this implies that g is 
reducible. 
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Thus, CI E B - g cannot centralize 9 so o induces an automorphism on g 
of order 2. The 2-groups of 99 are elementary Abelian so 0 centralizes a 2-group 
of 9. 
The full group of automorphisms of SL(2,2”) is P.E(2,2’). The group of 
inner automorphisms is PSL(2,2” E SL(2,2”) so that u E PE(2,2”) - SL(2,2”). 
The involutions in PPL(2,2”) - SL(2,2”) must be induced by a field auto- 
morphism of order 2 in GF(2”). But, such automorphisms cannot centralize a
Sylow 2-subgroup (see Dieudonne [4]). Th us, every %-element of G is inG so 
c = G. 
COROLLARY. Under the assumptions of Theorem 3.15 if 99 contains a non- 
solvable minimal non-f.p. f. subgroup and if some Baer subplane rrO is fixed pointwise 
by at least two distinct involutions then 3 z SL(2, 2”) for some s > 1. 
Proof. By Foulser [6, Corollary 21, rre is a vector space over the kernel. 
By Ostrom [18, (4.1)], every such Baer involution is linear. Thus, the group 9 
generated by such linear elements is also linear. 
3.17 THEOREM. Let rr be a translation plane of order 2’r. Let 9 denote the 
linear translation complement and assume rr is of dimension two over its kernel. 
Let 9YI z SL(s, 2”) for some s > 1 and assume C?3I CI 3. 
If g1 is irreducible then %‘cq(9J (centralizer) is the kernel of rr so Z(9) = kernel. 
Thus, 99jkernel < PPL(2, 2”). 
Proof. If Y1 is irreducible and g SL(2, 29, s > 1, there is an Ott subplane 
of order 2?s (see Lemma 2.6 and Theorem 2.7) and each Sylow 2-subgroup 
fixes a l-space pointwise. These 1 + 2” subspaces are on 1 + 2s distinct com- 
ponents of r and %‘i is 2-transitive on these components. 
V9(9i) must fix each of these 1 f 2” components and each of the 1 -subspaces. 
Since (see the proof of Theorem 3.15) the I-subspaces cannot all lie in a sub- 
plane, %‘G,(Y,) must be fixed-point-free. Note kernel C Z(Y) C %‘g(gr). If 
0 E V9(?J1) - K then since 0 fixes 1 + 2” l-spaces li there is an element X in K 
such that OX fixes some 1 -space pointwise. Thus, K = %‘<f(9i) if 9, is irreducible. 
3.18 LEMMA. Let J? be a subgroup of 3. Suppose that 1 X / is odd and acts 
faithfully on some minimal X-invariant subspace. Let 2l be a maximal normal 
abelian subgroup of 3’. Then 2l is characteristic in &‘. 
Proof. Without loss of generality we may assume that the scalars in the vector 
space belong to 2 and 2l. Suppose that YE’ is irreducible. Since 1 2l 1 is prime to 
2, ‘$1 is completely reducible-i.e., either 91 is irreducible or has a minimal 
subspace of dimension two or has one of dimension one. 
By Lemma 3.5, 2 is primitive so this implies that 91 must act faithfully on 
its minimal spaces. Furthermore, Lemma 3.5 implies that the centralizer of 2l 
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in &’ acts primitively and faithfully on its minimal subspaces so Lemma 3.6 
implies that the centralizer of % is Abelian so that ‘$I is its own centralizer in 9. 
Suppose that the minimal ‘%-spaces have dimension two or four. Then %’ 
is isomorphic to a subgroup of X(2, q2) or E( 1, q4) respectively and the centra- 
lizer of Cu is isomorphic to &“ n GL(2, q2) or # r\ GL(I, a”) (see, for instance, 
Hering [IO, Hilfssatz 51). But 81 is its own centralizer and GL(2, q2) or GL(I , q4) 
is characteristic n E(2, q2) or E(1, n”). 
We have left the case where the minimal 2I-spaces have dimension 1. If 91 
contains the scalars and acts faithfully on l-spaces, then 21 is the group of scalars. 
Thus Lemma 3.18 is established in all cases where ti is irreducible. The cases 
where YP is reducible are left to the reader. 
LEMMA. Assume 3 is nonsolvable and is faithful on a minimal subspace and 
%,/O(g) is a non-Abelian simplegvoup. Then O(g) = Z(g). 
Proof. Let $!I be a maximal Abelian normal subgroup of 0(Y). By Lemma 
3.18, ‘LI 4 9’. If 2l is irreducible then 9 < E(1, q”) (order of 7~ is 4”). But, 
rL( 1, q4) is solvable. 
If the minimal M-spaces have dimension 1, then 21 must consist of scalars 
(i.e., we may assume that 2I contains the scalars and since 91 is f.p.f. on its 
minimal spaces we must have 91 = scalars). Thus, 2I is in the center of O(9) 
and thus O(9) is Abelian and e(Y) = ?I so 0’(g) = Z(9). 
Let W be a minimal g-space upon which ~9 acts faithfully and assume 91 has 
minimal subspaces of dimensino two in W. If the minimal PI-spaces are not 
?I-isomorphic then % is imprimitive and the vector subspace W is the direct 
sum of two subspaces of dimension two chic11 are permuted trnasitively b 9. 
Thus, $9 has a normal subgroup of index 2. This cannot happen if s/0(9?) is a 
non-Abelian simple group. 
If the minimal 2I-spaces are ‘%-isomorphic then 9 is isomorphic to a subgroup 
of rL(2, q’) (see Hering [IO, Hilfssatz 51) where any automorphism of GF(q2) 
in 9 must fix GF(q) elements. Thus, 9 CJ GL(2, q2) has index 1 or 2 in 9. 
Since %‘/0(9) is simple, 9 n GL(2, qz) 0(~)/~(~) is trivial on the entire qua- 
tient group. Since 9 is nonsolvable Q n GL(2, q?) $ fi(~?‘I) so 9 n GL(2, q2) O(g) 
= 9. But, I 9 n GL(2, +‘)I = 1 9’ 1 or / Y/2 ] so that / $9’ n GL(2, qz)i = 1 +Y / . 
Thus, 9 C GL(2,$). Let Y be the scalars of GL(2, q2) in 9 so that 9 = g/9’ 
is a nonsolvable subgroup of PGL(2, n2). Let 2 = O(g)/@%) n 9’. Then 
+fP gg ~/iyq. S’ mce PGL(2, qy) z PSL(2, q’), it follows (by examining 
Dickson’s list of subgroups of PSL(2, q’)) that @ is isomorphic to SL(2, 2t) for 
some t and 2 = (1). Thus, 0(g) C 9’ so Q’(9) = Z(9). 
The following question arises: If 99 is nonsolvable, when is a minimal non- 
f.p.f. subgroup also nonsolvable ? 
In this regard we have 
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3.20 LEMMA. Let r be a translation plane of dimension two over GF(2r). 
Let 9 be a nonsolvable collineation group in the linear translation complement. Let 
U(g) denote the maximal normal subgroup of odd order of 9. If 3 is faithful on 
some minimal g-space and S/0(9’) is a non-Abelian simple group then any minimal 
non-f.p.f. subgroup gI is nonsolvable and 9 = gIU(9?). 
Proof. Let W be a minimal g-space on which 3 acts faithfully and let ~?4’r 
be a minimal non-f.p.f. subgroup of 3. 
Let A be a minimal U(g)-space of W and form the homogeneous subspace 
W, consisting of all subspaces of W which are U(g)-isomorphic to A. If 9 is 
imprimitive on W then there is a C!? CI CY such that U’(g) < g 4 9 and g/g is 
isomorphic to a subgroup of S, or S, acting transitively on two or four minimal 
subspaces, respectively. But, g/U(S) q g/O(g) so d = 3 or C!? = U(g). But, 
9 # 9. Thus, ?? = U(g) but C!?/U(%) .is non-Abelian and simple so 9 must be 
primitive on W. Thus, the homogeneous space W, = W. 
By Lemma 3.5, U(9) is primitive on its minimal spaces. 
By Lemma 3.19 we may assume without loss of generality that U(9) = Z(g). 
Thus, since every element of U(g) g enerates a normal subgroup, it follows 
that U(g) is fixed-point-free on its minimal spaces. That is, if g E U(9) fixes a 
subspace pointwise then a normal subgroup (g) of U(g) fixes this subspace 
pointwise. But, all minimal invariant (g)-spaces must be (g)-isomorphic and 
the minimal space of U(g) must then be pointwise fixed by g which is a contra- 
diction. 
Since 91U(%)/U(9) 4 ~/U(‘S) it follows that C?@(9) = 9 or U(9) 3 gI. 
But, U(g) is fixed-point-free on its minimal spaces so that 9,9(g) = c!? and 
thus %r is nonsolvable. 
3.21 THEOREM. Let rr be a translation plane of dimension two over GF(2r) 
and let 9 be a nonsolvable collineation group in the linear translation complement. 
Suppose that 9 is faithful on some minimal %-space, 9/U(9) is a non-Abelian 
simple group and the involutions in 3 are Bear. Then 9/U(9) is isomorphic to 
SL(2,29 for some s >/ 2. 
Proof. By Lemma 3.20, 9 = ~#J’(~) and by Theorem 3.14, gt z SL(2, 2”). 
Hence, S/U(g) E ~lU(~)/U(+Y) s ~Yr/%‘i n U(g) s 9, (since g1 is simple). 
3.22 THEOREM. Let v be a translation plane of order 2’” and of dimension two 
over its Rern, Let 9 be the group of collineations in the linear translation complement 
which is generated by Baer involutions. If9 is nonsolvable, faithful on some minimal 
invariant g-space, and its involutions are Baer then 59 z SL(2, 2”) for some s > 2. 
Proof. By Theorem 3.3, S/U(%) is isomorphic to a direct product of a 
2-group times a set of simple groups. Since B is nonsolvable there is a simple 
group S, and a subgroup ~?a of 3 such that cY.JU(~) is S, and C!J, Q 3. NOW 
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apply Lemma 3.20 to $Yz. Thus a minimal non-f.p.f. subgroup 9, of gz is 
nonsolvable and Yz = 9r x O(g). Th us, %‘i is characteristic n 9s so 9r <I 
9W, is minimal non-f.p.f. in 9 since it is minimal in Y2 . Now apply Theorem 
3.15 to 9. 
3.23 LEMMA. Let rr be a translation plane of dimension two over GF(2’). 
Let 9 be the subgroup generated by the involutions. Suppose that B is nonsolvable 
and the involutions in9 are Bear. Suppose further that 9 is reducible. Then 9 has an 
invariant 2-space W and g/SW E SL(2,2”) for some s, where 9, is the subgroup 
of 9 which fixes W pointwise. Furthermore, 9, is solvable. 
Proof. By Lemma 2.3, the minimal g-spaces have dimension one or two. 
If 97 has an invariant subspace of dimension one then the component containing 
this l-space is an invariant 2-space. 
%,YW < GL(2,2”) induced on W by 99. If W is a component then gW = (1). 
If W is a Bear subplane then ?9W is solvable by Foulser [6, Theorem 31. Thus, 
Y/gP,, is nonsolvable and 9 is generated by involutions o Y/gW g SL(2, 29 
for some s 3 2. 
3.24 LEMMA. Suppose that 9?/O(S) is a non-Abelian simple group. Then gw 
in Lemma 3.23 is U(g). 
Proof. Since gW is solvable and S,0(9)/0(9) < 9/O(9) then gW CO(g). 
But then O(99)/gW is a solvable subgroup of the simple group g/9, by Lemma 
3.23. Thus, 0(g) = gW. 
3.25 LEMMA. Under the assumptions of Lemmas 3.23 and 3.24, O(9) = SW 
is trivial. 
Proof. 
Case 1. W is a Bear subplane. Then, by Foulser [6], Co(g) = gW is cyclic. 
Consider the centralizer of 0’(g) in 9, %73(8(g)). Then %/P?&@(9)) is Abelian 
since this is the automorphism group of O(9) induced by 9. 
Since 8(g) is cyclic, %?&0(9)) 3_ O(9). Since 9/U(9) s SL(2,2”), s > 2, 
either %73(0(9)) = O(9) or =‘9. If %79(0(g)) =0(g) then we have a contra- 
diction since then S/0(‘+?) would have to be Abelian. If %?q(O(%)) = 9 then 
0’(g) _C Z’(g) but then either 9 = Z(g) or o(6) = Z(g). 
But, S/Z(9) E SL(2,2”) implies Z(9) is a subgroup of the Schur multiplier. 
That is, 9’ (derived group) = 9 or 9’ C Z(9). Since 9 is nonsolvable, 3 = 9’. 
Thus, Z(9) = (1). 
Case 2. W is a component. Assume 0(g) # (1). In this case 0(S) is a 
group of afIine homologies with axis W. Since 9 contains no elations, 9 must 
fix the component W corresponding to the center of the homologies. By Lemma 
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3.23, we have that the subgroup acting on W is s/U(9). That is, by looking into 
the proof of Lemma 3.23 one can see that grr, = U(9) for any invariant 2-sub- 
space W (in particular, gP = U(9)). So this leads to a contradiction since U(9) 
is f.p.f. on iV. 
3.26 LEMMA. Under the assumptions of Lemma 3.23, we may, without loss of 
generality, assume %w is trivial. 
Proof. By (3.24) and (3.25) we only need consider the case where YjU(‘9) is 
not simple or is Abelian. Since 9 is nonsolvable, the latter case does not occur. 
By Theorem 3.3, 9/U(9) has a normal subgroup which is simple. Let 9, be the 
full preimage of this simple group. 
Then 9 - 9, and %/Yw - 9r/9Yw n 9x . But SL(2,29 = ‘9/9Zrr, issimple 
so either 9w n 9’t is trivial or %r _C 9Yrr, . 
But, SL(2,2) = B/9Jrr, is simple so either 9?19’r+, = 9 or gI < %w . Suppose 
%‘19s, = 9 then 9, n 9Yr+, < U(9). GYr n S,/O(9?) U(S) Q ~&J(S) and 
9?$J(9) is simple so 9, n cY~U(C?I) = 9r or 9, n gr+, < U(9). But FI n 9, 
and U(9) are both solvable so 9r n 99w < U(3). 9r n 9, 4 $9 and grr, o 
91Yw = 3 so (S,/YI n ~w)/(U(~)/9, n Yw) E ?i’#?(S) is simple and 
%#9r n 9, = 9/grr is simple, SO U(c?Y)/S, n 9, = (1). Thus, U(Y) < 
%r n 9w or U(9) = ‘??r n qs.. Also, Thus, 9,/U(9) s %‘/gw is simple and 
Up) = 9, n 9,. Also, U(9) < U(gl) since U(9) and 0(9,)/U(S) u g@(g) 
so that U(gl) = U(9). By Lemma 3.25 applied to 9r we have U(9,) = (1). 
Thus, 9YI n 9Yr+, is trivial or gI ,( gs,. But Yrr, is solvable and 9r is non- 
solvable so we only need consider the case that gs, n %r is trivial. 
Then gr@, = B, x YI since both 9, and SW are normal in 9. Further- 
more +?r is isomorphic to g/9,+, and hence to SL(2,29. 
The fact that 98 is reducible implies that 9JI acts as in (2.7); in particular, 9’r 
has exactly 2’ x 1 invariant components. 
Let .Z be a Sylow 2-group in 8, . Suppose that W is a subplane. Then Z 
leaves W invariant and fixes at least one of the 2’ + 1 components of n which 
intersect he subplane W nontrivialyy. Call this component 1. Then 1 and 1 n W 
are invariant under 9, so 9’r has an invariant l-space contrary to the action 
of 9, in (2.7). 
We still must consider the case where W is a component so that 9w is a group 
of homologies. Then 9Yrr, has another invariant component w. Without loss of 
generality, gw is solvable and 9/9~ = SL(2,23 for some t. Now ‘9/gw D 
9~/S9w n gw. But 9p n 9Yrr, is trivial so 8/g,+, has a normal subgroup iso- 
morphic to 9,. But Y/Qw is simple. Hence gP = I and we can use w for the 
purposes of Theorem 3.22. 
We shall now state our main theorem: 
3.27 THEOREM. Let v be a translation plane of dimension two over GF(2T). 
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Let $9 be any subgroup of the translation complement. Then at least one of the 
following holds : 
(a) 9 is solvable. 
(b) 9 has a normal subgroup 8, which is generated by the elations in 9. 
(The po sibilities for ~9~ are given in Hering [IO].) If gI is nonsolvable, then YI is 
either a Suzuki group or i i omorphic to SL(2, 21) for some s. 
(c) The involutions in the intersection f 9 with the linear translation com- 
plement are Baer involutions. Let c??~ be the group generated by the involutions inthe 
intersection f 9 with the linear translation complement. Then 9, is normal in 9. 
If gI is solvable, so is 9. Otherwise 9JI is isomorphic to SL(2, 29 for some s. If 9, is 
irreducible, rrhas an Ott subplane [20]; if C?YI is reducible then rr is derived from a 
plane also admitting SL(2,2”) such that the involutions are elations. 
Proof. The factor group of c!? modulo the linear translation complement is 
isomorphic to a subgroup of PL(4, q) mod GL(4, q) and thus is solvable. Hence 3 
is solvable unless the linear translation complement is nonsolvable and thus of 
even order by Feit and Thompson [4]. 
Let h be an affine elation in the translation complement and let u be an 
(0, lot) homology. Then Xo = UX. But (T is a scalar. The centralizer of the scalars 
is in GL(4, q)-i.e., in the linear translation complement. Thus the affine 
elations are in the linear translation complement; the group generated by them 
is characteristic n the linear translation complement and hence normal in 5’. 
Thus we have (a) or (b) unless the linear translation complement contains no 
elations but does contain Baer involutions. If g1 is generated by the involutions 
in the linear translation complement, ?Yr is characteristic and hence normal in 3. 
Furthermore, 3 is solvable unless Yr is nonsolvable. The rest of(c) follows from 
Theorem 3.22, Lemma 3.26, and Theorems 2.7 and 2.9. Note that in the deri- 
vable case, 5?’ must permute the Baer subplanes pointwise fixed by the Sylow 
2-groups. This forces all of the translation complement to be “inherited.” 
Remark. In any case, where the translation complement 3 has a normal 
subgroup generated by the involutions in the linear translation complement 9 
will induce a permutation group on the subspaces pointwise fixed by the Sylow 
2-groups in the linear translation complement. 
3.28 COROLLARY. If a plane of dimension two over GF(q), q even, admits a 
Suzuki group in its translation complement, then the involutions in the Suzuki 
group are elations. 
In Section 3, we have always stated our theorems in terms of the linear trans- 
lation complement. The following remarks should convince the reader that we 
are not giving much away by this assumption. 
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3.29 Remarks. (1) Let ?J be a simple non-Abelian collineation group of a 
finite translation plane r. Then 3 is linear over the kern of n. 
(2) If G is a non-Abelian simple group of even order in a translation plane 
of order 22r and dim 2/kern whose involutions are Baer then 3 s SL(2,29 for 
s 3 2. 
(3) Let 7r be a translation plane of order 22r with kern K such that GF(2) _C 
KC GF(2?). If r is odd then the Sylow 2-subgroups of order >2 of any col- 
lineation group are linear. 
(4) Let v be a translation plane of order 2”’ and kern GF(2’). If r is odd 
then the Sylow 2-subgroups of any collineation group are elementary Abelian. 
Proof. (1) G < FL(n, q) for some n. Since G n GL(n, q) G, G n GL(n, p) 
= 0 or G. It then quickly follows that G < GL(n, q) or G is cyclic. 
Pf. (2) G is linear/kern by (1) so we may apply Theorem 3.15. 
Note that if the dimension/kern is not two then (2) is not true. The tangentially 
transitive plane of order 16 has dim 4/kern and admits PSL(2, 7) where the 
involutions are Baer. 
Pf. (3) Let (T and 7 be distinct involutions in the same sylow 2-subgroup. 
Then (a, T> is dihedral of order 2 s+l. The automorphism group of K has order 
1 Y. Thus, every element of (CT, 7) is linear (see the proof of Lemma 2.1). 
Pf. (4) Direct from (3) and Lemma 3.1. 
Note added in proof. The term “Ott plane” should be replaced by “Ott-Schaeffer 
plane” thruout. The original Ott planes correspond to the Frobenius automorphism of 
the associated field (see (2.2), (2.10)). It should be noted in the proof of (2.8) that ?r,, is a 
subplane due to the action of the group. The Sylow 2-subgroups determine 2’ + 1 of 
the components. The elements of order 3 act as affine homologies and determine the 
remaining components of x0 . 
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